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SAXS measurement

Sample SAXS measuring cell
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SAXS measurement

Scattering experiment
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SAXS measurement

Scattering experiment SAXS pattern
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» Reminder of elementary tools and notions
- X-ray Scattering by an electron
- X-ray Scattering by assemblies of electrons
- Fourier transform
- Convolution Product

» X-ray scattering by particles in solution.
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Elastic scattering by a single electron

G.
(@)
r o
S

0 20

-elastic : interaction without exchange of energy.
The scattered photon has the same energy (or wavelength) than the incident photon.

The elastically scattered intensity by an electron placed at the origin is given
by the Thomson formula below:

,1+cos’(26) 1

20 : scattering angle,

| (2‘9) — ro 9 rz I() cos20 close to 1 at small-angles
|, intensity (energy/unit area /s) of the
g’ i incident beam.
h=—-5=0.238210"" cm . .
mc I, classical radius of the electron.
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differential scattering cross-section of the electron

-

-

do/dQ=r21+c0
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57(20) 12=7.951026 cm?
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the scattering length of the electron b,

(
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b =do/dQ

\

W,
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Scattering factor

The scattering factor f of an object is defined as the ratio between the
amplitude of the scattering of the object and that of one electron
in identical conditions.

The scattering factor of a single electron f, = 1.
We therefore eliminate do/d(2 from all expressions.
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Scattering by an electron at a position r

source

Path difference = r.u;-r.u; = r.(u,; - u,) corresponding to a
phase difference 2nr.(u, - uy)/A for X-rays of wavelength A.
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momentum transfer

wavevector k scattered

27T
‘kO‘ B ‘kl‘ =",

A

length 21/A
q=Kk, -k,
1 4rsmnd s
length 27t/A

g is the momentum transfer

The scattered amplitude by the electron at r 1s A(q)ei”‘
where A(Q) is the scattered amplitude by an electron at the origin
Phase difference ¢=q.r
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scattering vector

4 )

2sIn
S = Sin J Phase difference ¢ = 27r.s
A
\ Y,
(" . ™
S = 4zsin 3 D. Svergun and coll.
A
\- Y,
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scattering by assemblies of electrons

» the distance A between scatterers is fixed, e.g. atoms in a molecule :
coherent scattering |:> one adds up amplitudes

Z

F(q) = X fie™

Use of a continuous electron density o ).

F(q)=], p(r)e™dV, | and |1(q)=F(q).F(q)

» A is not fixed, e.g. two atoms in two distant molecules in solution :
|:> incoherent scattering |:> one adds up intensities.
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Fourier Transform

F(q) is the Fourier transform of the electron density p(r)
describing the scattering object.

pr) ———s F(q)=jvrp(r)e‘“‘dVr

Properties of the Fourier Transform

- 1 — linearity
FT (Mo + My0,) = A FT(py) , A, FT(0)

- 2 — value at the origin

F(0) = |, p(raV,
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Convolution product

A convolution is an integral that expresses the amount of overlap
of one function B as it is shifted over another function A.

A(r) *B(r) = jvu A(u)B(r —u)dV,

A

B(r)
A(r)*B(r)

A(r)

>

Iy Tx I r
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Convolution product

B(r-u) A(r)*B(r)

A(uw)

>
rB rA u _(rA + I'B) I’A + I’B ll
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B(r-u)

Convolution product

A(r)*B(r)

A(uw)

! /[

Iy Iy u -(rp+ Ig)
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Convolution product

B(r-u) A(r)*B(r)

wr

>
rB rA u _(rA + I'B) I’A + I’B ll

A(u)
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Convolution product

B(r-u) A(r)*B(r)

- (5 -Tp)

A(u)

>
rB rA u _(rA + I'B) I’A + I’B ll
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Convolution product

B(r-u) A(r)*B(r)

- (5 -1p)

A(u)

>
rB rA u _(rA + I'B) I’A + I’B ll
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Convolution product

B(r)

A(r)
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A(r)*

- (5 -Tp)

~(ryt I'g)

Hamburg October, 25" — November 15t 2010

>
r,trg u



Fourier transform

of a convolution product

FT(A*B)=FT(A)-FT(B)

FT(A-B)=FT(A)* FT(B)
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Autocorrelation function

y(0)=p(r) p(-1) = [ p(r+wp(w)ay,

p(r)=p (uniform density) particle N ghost v

=> y(r)= p?V,,(r) and  y(0)=p*V

spherical average y(I) = < 4 (l‘)>

A
characteristic function /(') = 7(r)/7(0) ]
vo(r) : probability of finding a point within Yo(T)
the particle at a distance r from a given
point
DmaX
>
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Distance (pair) distribution function

v" p(r) is the distribution of distances between all pairs of points within the particle
weighted by the respective electron densities

4
i r; el ]
p(r)
— v0(r) : probability of finding within the particle a point | D._..
at a distance r from a given point 1
- number of el. vol. i ¢ V ol >

- number of el. vol. j oc 12

number of pairs (i,j) separated by the distance r oc r?Vy,(r)

p(r) = p 7, (NVr* =r’p(r)
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Solution X-ray scattering

Diagram of the experimental set-up

Momentum transfer

q = 4T sinB/A = 2Tts
Modulus of the scattering vector
s = 2sin@/A

X-ray
scattering
curve

X-ray beam 26

Sample
10ul — S0pl
0.1mg/ml — (>)10mg/ml

Detector
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Particles in solution

A particle is described by the associated electron density distribution p  (r).

Jo
el. A3

p=0.43 B
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Particles in solution

In solution, what matters is the contrast of electron density between the
particle and the solvent Ap(r) = p, (r) - p, that may be small for biological
samples.

L 4
el. A3
P — 0.43 |77~ 7 -particle . - IA_IO
p, = 0335

solvent
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X-ray scattering power

of a protein solution

A 1 mg/ml solution of a globular protein 15kDa molecular

mass such as lysozyme or myoglobin will scatter in the order of

1 photon in 10%incident photons

from H.B. Stuhrmann
Synchrotron Radiation Research
H. Winick, S. Doniach Eds. (1980)
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Solution X-ray scattering:

a pair of measurements

Isample(q) Ibuffer (q) Iparticle(q)

To obtain scattering from the particles, buffer scattering must be subtracted, which
also permits to eliminate contribution from parasitic background (slits, sample
holder, etc) which should be reduced to a minimum.
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particle in solution

scattering amplitude and intensity

[ E@=, apme"ay, | ma (@)= Fa).Fa)

v’ Particle in solution => thermal motion => during the measurement, the particle
adopts all orientations / X-ray beam. Therefore, only the spherical average of the
scattered intensity is experimentally accessible.

time  i,(q) = (i,(a)) = (F.(a).F (@)
particles  1(9) = (I(@)) = (F(q).F'(a))
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particle in solution

v The sample is isotropic and the vectorial (3D) scattering intensity
distribution i(q) reduces to a scalar (1D) intensity distribution i(q).

1000

100 -

continuous, 1-dimensional
SAXS profile

I(q)

10 -

0 0.1 0.2 0.3 0.4 0.5
q = 4n(sinB)/A ™!
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particle in solution

v The sample is isotropic and the vectorial (3D) scattering intensity

distribution i(q) reduces to a scalar (1D) intensity distribution i(q).

v'This entails a loss of information which constitutes the most severe

limitation of the method.
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Let us use the properties of the Fourier transform
and of the convolution product

1,(9)=(I(@)) =(F(q).F'(g))

i.(q) = (FT[Ap()].FT[Ap(-1)]) = (FT[Ap(r) * Ap(-1)])

(@) = (FTLy ) =( [, 7ne™av, )
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i, (q) = (FT[y(r)]) = < I, 7(r)ei"“dVr>

sin(qr :
spherical average: <exp(iqr) >= ) dv, = r> sin (9dfd(9d(0
qr

In(qr
sin(q )dr
qr

with  p(r)=ry(r)

,(q) =47 p(r)
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Solution of particles

- 1 —monodispersity: identical particles
- 2 — size and shape polydispersity
- 3 —Ideality : no intermolecular interactions

- 4 —non 1deality : existence of interactions
between particles

In the following, we make the double assumption 1 and 3

2 (mixtures) and 4 (interactions) are dealt with at a later stage in the
course.
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Ideal and monodisperse solution

Ideality I(q) = Z n;1;(9)
J

Monodispersity 1;(0) =1,(q) V]

Ideality and monodispersity | 1(0)=N1,(Q)
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Ideality

Monodispersity

/\

" One must check that both )
assumptions are valid for the
. sample under study. |

| molecule | [experimental]
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P
Checking the validity of both assumptions
for the sample under study.

» Monodispersity: purification protocol
- Mass Spec., DLS, AUC, MALS + RI, etc.

» Ideality : reached by working at infinite dilution

In practice : one performs measurements at decreasing
concentrations and checks whether the scattering pattern is
independent of concentration.

- DLS, AUC
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Basic law of reciprocity in scattering

- large dimensions r U small scattering angles q

-small dimensions r U large scattering angles q

argument qr
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s VLP : diameter =700 A, 44 MDa MW

I(q)/c

Lysozyme

D =45 A

max

14.4 kDa MW

25
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—rotavirus VL

|
0.25

q=4nsino/A(A ")
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Guinier law

The scattering curve of a particle can be approximated by a

Gaussian curve in the vicinity of the origin

1(0) = 1(0)exp(—Kq?)

Guinier law In[1(q)] = In[1(0)] - Kq’

In[I(s)] vs g2 : linear variation.
Linear regression on experimental data yields slope and y-intercept.
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Radius of gyration

2
Guinier law: slope value [ K = & ]

4 , )
j Ap(r)ridv.

Radius of gyration : R’ = Ve

. er Ap(r)dV,

Rg2 is the mean square distance to the center of mass weighted
by the contrast of electron density.

It Ap(r) = constant then R, is a geometrical quantity.

R, is an index of non sphericity. R ER
For a given volume the smallest R, is that of a sphere. °

5
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Guinier plot
example

2

R
In[1(q)] = In| I(O)]—qu2

Validity range :

0 < R,g<1 for a solid sphere

0 < R,0<1.2 rule of thumb for a
globular protein

ideal
monodisperse

I(q)

0.8

0.7

0.6

0.5

0.4

0.3

0 0.001 0.002 0.003
q’ (A
Swing — SAXS Instrument, resp. J. Péerez
SOLEIL (Saclay, France)
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Guinier plot
example

R
In[1(q)] = In| I(O)]—qu2

Validity range :

0 < R,g<1 for a solid sphere

0 < R,0<1.2 rule of thumb for a
globular protein

0.8
0.7
0.6
2
0.5
=
]
[ )
0.4 ..
[ )
[ ]
[ )
[ )
0.3
qR=1.2 °
0 0.001 0.002 0.003
q’ (A

Swing — SAXS Instrument, resp. J. Péerez
SOLEIL (Saclay, France)

.

ideal
onodisperse
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Intensity at the origin

f@(xM\

__C y
If: the concentration ¢ (W/v), —

the partial specific volume V ,

the intensity on an absolute scale,

i.e. the number of incident photons are known,

Then the molecular mass of the particle can be determined
from the value of the intensity at the origin.

In actual fact one only gets an estimate of the MM.
Its determination is a useful check of ideality and monodispersity.
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Evaluation of the solution properties

Irreversible aggregation

100
100
I 10 |}
* 3.4 mg/ml
* 7 mg/ml
= § 1}
= =
0.1}
0.1} |
0.01 |
0.01 | ]
0 0.001  0.002  0.003  0.004 LRI
q’ (A7)
1(0): > 150 fold the expected
value for the given MM

Useless data: the whole curve
is affected

0.05 0.1 0.15 0.2 0.25 0.3
q @A™

Swing — Domaine 1-242 de RRP44 - 07/08
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Evaluation of the solution properties

weak aggregation — possible improvement
centrifugation, buffer change

Nanostar —PR65 protein \

200 200
\\
100 | \\ | 100 |

I(q)
I(q)

90 °., 90 a
80 T . 80 :
70 R =1.2
qR,=1.2 70 e
60 60
50 ‘ ‘ ‘ 50 ! J L
0 00005 0001 0.0015  0.002 0 00005 00U

q’ (A% ¢ AP
A R, ~ 38 A — too high!! R,~36 A
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Evaluation of the solution properties

Guinier plot

........... same Rg at all three

\ concentrations

...... *

\ No aggregation,

I(q)
(—}

I no interactions.
qR =13
0.01 ‘ ‘ ‘
0 0.001 20.0022 0.003 0.004 Swing _ Polymérase _07/08
q (A7)

N. Leulliot et al., JBC (2009), 284, 11992-99.

[ ideal ] EMBO Practical Course on Solution Scattering from Biological Macromolecules
- e Hamburg October, 25" — November 15t 2010

onodispers




Evaluation of the solution properties

Guinier plot

g | GUINIER
e Particle type = @
T Points 1 to 29 fidel = 8.8
sRg limits : 8.295 to 1.8%
Rg =49.3 +- b6.12e-3
a = 362.31e-5 +— 2.86e-7
-6.8] ‘\H"*L.‘,
€4
R, =493 A
g
a.08 a.18 IIZB 8.38 a.48 8.58
gan2xE-3
RNA molecule
L. Ponchon, C. Mérigoux et al. 80 Doc-2089 _11:24:11
Running (Input pending in Graphics Window
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Evaluation of the solution properties

Guinier plot

3
R,=56.6 A

C4
R, =493 A

RNA molecule
L. Ponchon, C. Mérigoux et al.

ideal
monodisperse

e
I; GUINIER
|
k_ln 1 ; Particle type =
L Points 3 to 25 fidel = 8.0
£ sRyg limits : 0.4081 to 1.88
& Rg =56.6 + 1.12e-2
= 203 .86e-5 +— 2.82e-7
6.5 1y
~a
I =
7.8
—7.5]
1 1 L
8.88 a.1@8 a.2a8 a.38 B.48
sHH2#E-3
B8-Dec—2809 11:23:27
Runnin g [Input pending in Graphics Window
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Evaluation of the solution properties

Guinier plot

%)
R,=59.9 A
€3
R,=56.6 A
C4
R, =493 A

RNA molecule
L. Ponchon, C. Mérigoux et al.

onodisperse

le
n GUINIER
|
Hln L i Particle type =
T Points 2 to 24 fidel = 8.8
sRg limits : B.391 to 1.11
=599 + 1.7Me-2
= 109 .84e-5 + 1.71e-7
-7.8
g
I =
—7.5
8.0 g P ey s
n\'\n/ T S s :
1
a.88 a.18 a.2e a.38 a.48
g#n2xE-3
@8-Dec-2009 11:21:84
Running (Input pending in Graphics Window
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Evaluation of the solution properties

Guinier plot

R, =493 A

RNA molecule
L. Ponchon, C. Mérigoux et al.

ideal
monodisperse

GUINIER

Hl“ 1 I Particle type = @
gig[r e | Points 5 to 24 fidel - B.8
e sRg limits : B.496 to 1.13
|
T
~ .
.
8.8
8.5
i I e
9.8
1
8.00 a.18 a.20 8.30 a.48

ec—2009 11:19:53

Input pending in Graphics Window
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Evaluation of the solution properties

Guinier plot

> A linear Guinier plot is a requirement, but it is NOT a
sufficient condition ensuring ideality (nor monodispersity)
of the sample.
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In the case of moderate interactions, the intensity at the origin varies with

Virial coefficient

concentration according to :

-

\_

I(0,C) =

I(O)ideal

1+2A Mc+...

J

Where A, is the second virial coefficient which represents pair interactions

and 1(0),.,, = K. ¢ (K= c).

1(0),4. @and A, are evaluated by performing experiments at various concentrations c.

A, is oc to the slope of ¢/I(0,¢) vs c.
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Virial coefficient

- I - Example of repulsive interactions

510/0

S10[0

400
—+— C=1.5 mg/ml

—&— C=0.78 mg/ml
—¥— C=0.38 mg/ml

300 |

0.01 0.02 0.03
s (nm™)

nucleosome core particles in a 10 mM Tris buffer, pH 7.6 with 15 mM NaCl
(Courtesy D. Durand, IBBMC, Orsay)
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Virial coefficient

140
- I - Example of attractive interactions —— = 6.4 mg/ml
120 | -
p47 : component of the NADPH 100 | ne .
. : —eXxtrapolationac=0
oxidase from neutrophile.
© 80}
5
~ 60|
40 |
20 |
0 \ \ \
0 0.02 0.04 0.06 0.08
A-l
D. Durand et al., Biochemistry (2006), 45, 7185-93. q (A7)
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Distance distribution function

p(r) is obtained by histogramming the distances between any
pair of scattering elements within the particle.

A
T.. ]
. 1
1 J
p(r)
DmaX
S >
r
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Distance distribution function

2

r’ r» , sin(qr)
p(N) ==—| 9> 1(a) dq
27 *0 qr

In theory, the calculation of p(r) from I(q) 1s simple.

Problem : I(q) - 1s only known over [q, i, iy © truncation
- is affected by experimental errors

= Calculation of the Fourier transform of incomplete and noisy data,
requires (hazardous) extrapolation to lower and higher angles.

Solution : Indirect Fourier Transform. First proposed by O. Glatter in 1977.
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Calculation of p(r)

p(r) is calculated from i(q) using the indirect Fourier Transform method

Basic hypothesis :
The particle has a finite size
. D sin(qgr) A
Max
I(q) = 47zJ'0 p(r) ; dr
G q W,

v p(r) is parameterized on [0, D,,,, ] by a linear combination of orthogonal

basis functions. -
p(r) = ¢, (r)
n=1

v The coefficients ¢, are found by least-squares methods.
[ll-posed problem solved using stabilisation methods.
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Distance distribution function

The radius of gyration and the intensity at the origin can be derived from p(r)
using the following expressions :

-

\_

~

o L0000 ) 0= [ ey

0~ (D
2[0 p(r)drj

This alternative estimate of R, makes use of the whole scattering curve, and
is much less sensitive to interactions or to the presence of a small fraction
of oligomers.

Comparison of both estimates : useful cross-check

ideal
monodisperse
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Distance distribution function

0.002 ‘
Elongated particle \
p47 : component of
NADPH oxidase from 0.0015 | |
neutrophile, a 46kDa
protein =
= 0.001 | |
N
=4
0.0005 | -
/’//
s
;
0 l’ | | | | !

0 20 40 60 80 100 120 140
D. Durand et al., Biochemistry (2006), 45, 7185-93. r ( A)
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Distance distribution function

Bimodal distribution

Topoisomerase VI 0.0008

0.0007
0.0006
0.0005

0.0004

P(r) / 1(0)

0.0003

0.0002

0.0001

0 50 100 150
r (A)

M. Graille et al., Structure (2008), 16, 360-370.
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Scattering by an extended chain

In the case of an unfolded protein :

- when studying the folding or unfolding transition of a protein
- when studying natively unfolded proteins.

one uses models derived for statistical polymers.

Gaussian chain : linear association of N monomers of length 1 with no persistence length

(no rigidity due to short range interactions between monomers) and no excluded volume
(i.e. no long-range interactions).

2
Debye formula : =—(X—1+€e") where Xz(ng)

1(0) X

I(q) depends on a single parameter, R, .

Valid over a restricted g-range in the case of interacting monomers
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Guinier plot : NCS heat unfolding
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Debye law : NCS heat unfolding

1.,,,.,.,..i,...,...,...
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Pérez et al., J. Mol. Biol.(2001) 0 002 004 006 008 0.1 0.12
308, 721-743 O(A'1 )
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Kratky plot

SAXS provides a sensitive means of monitoring the degree of compactness of a protein:
- when studying the folding or unfolding transition of a protein
- when studying a natively unfolded protein.

This 1s most conveniently represented using the so-called

Kratky plot: g4l(q) vs a.
Globular particle : bell-shaped curve (asymptotic behaviour in )

Gaussian chain : plateau at large g-values (asymptotic behaviour in C]'Z)

2(1-(qRy) ™)
R 2

g

lim,,..(0*1(q)) =

EMBO Practical Course on Solution Scattering from Biological Macromolecules
Hamburg October, 25" — November 15t 2010



Kratky plot : NCS heat unfolding
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cytochrome c folding Kinetics
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S. Akiyama et al. (2002), PNAS, 99, 1329-1334.
ApoMb : T. Uzawa et al. (2004), PNAS, 101, 1171-1176
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Books on SAS

- " The origins" (no recent edition) : Small Angle Scattering of X-rays
A. Guinier and A. Fournet, (1955), in English, ed. Wiley, NY

- Small-Angle X-ray Scattering:
O. Glatter and O. Kratky (1982), Academic Press. pdf available on the Internet at

- Structure Analysis by Small Angle X-ray and Neutron Scattering
L.A. Feigin and D.I. Svergun (1987), Plenum Press. pdf available on the Internet at

- Neutrons, X-Rays and Light, Scattering methods applied to soft condensed matter.
P. Lindner and T. Zemb Eds, (2002) Elsevier, North-Holland.

-The Proceedings of the SAS Conferences held every three years are usually published in the
Journal of Applied Crystallography.
-The latest proceedings are in the J. Appl. Cryst., 40, (2007).
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Recent reviews

Small angle scattering: a view on the properties, structures and structural
changes of biological macromolecules in solution.

X-ray solution scattering (SAXS) combined with crystallography and
computation: defining accurate macromolecular structures, conformations
and assemblies in solution

Structural characterization of proteins and complexes using small-angle
X-ray solution scattering
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Robust, high-throughput solution structural analyses by small angle X-ray
scattering (SAXS). Nat Methods 6, 606-612.

Small-angle scattering and neutron contrast variation for studying bio-
molecular complexes.

Bridging the solution divide: comprehensive structural analyses of dynamic
RNA, DNA, and protein assemblies by small-angle X-ray scattering.

Small-angle scattering for structural biology--expanding the frontier while
avoiding the pitfalls.
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A survival Kit for the travel you are embarking on
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Remember

v The method is simple but deceptively so:
v" analysis and modelling require a monodispersed and ideal solution.

v’ it is critical to check the validity of these assumptions. Otherwise ...
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1000

I(q)

100 -

10 -

with good quality,

you can apply to your

validated data system any of the

modelling approaches

that you will discover
during the course:

0

0.1 0.2 0.3 0.4 0.5
q=4n(sin0)/A A
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Various modelling approaches

ab initio modelling : DAMMIN, GASBOR

Rigid body analysis : quaternary structure of
complexes : SASREF

Scattering pattern calculation from atomic
coordinates : CRYSOL

1000

= 100 |-

10 |

1 . . . . . .

0 005 01 015 0.2 025 03
1

Q (A7)

Rigid body analysis coupled with addition of missing
fragments : BUNCH
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