
Statistics in the experimental practice of SAXS
The Basics



Requirements for Data Collection

• sample must be pure and monodisperse
• sufficient volumes for multiple concentrations
• do not make up buffers from scratch, use dialysis buffer
• know your sample concentrations

Know what you do not know and 
what you want to learn from SAXS!
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Small Angle X-Ray Scattering Pattern
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BSA Buffer (HEPES)



Small Angle X-Ray Scattering Pattern
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BSA at 2.3 mg/ml



Small Angle X-Ray Scattering Pattern
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AgBh Standard



Basics of Counting Statistics
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𝑆𝑆𝑆𝑆 𝐼𝐼 𝑠𝑠 = ⁄𝐼𝐼(𝑠𝑠) 𝑛𝑛

s

Central Limit Theorem: 
the sampling distribution of
the mean of independent
and identically distributed
random variables I(s) will
follow a normal distribution.

Note on outlier detection: use Anscombe Transform and modified Z-score



Radial Averaging
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Sample

Buffer



Propagation of Estimated Errors

Correlations are generally 
not considered and 

usually assumed to not 
exist!
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𝐼𝐼𝑆𝑆𝑆𝑆𝑆𝑆 𝑠𝑠 = 𝐼𝐼𝑆𝑆 𝑠𝑠 − 𝐼𝐼𝐵𝐵(𝑠𝑠)

𝑆𝑆𝑆𝑆 𝐼𝐼𝑆𝑆𝑆𝑆𝑆𝑆 𝑠𝑠 = 𝑆𝑆𝑆𝑆 𝐼𝐼𝑆𝑆 𝑠𝑠
2 + 𝑆𝑆𝑆𝑆 𝐼𝐼𝐵𝐵 𝑠𝑠 2 − 2 ⋅ 𝐶𝐶𝐶𝐶𝐶𝐶 𝐼𝐼𝑆𝑆 𝑠𝑠 , 𝐼𝐼𝐵𝐵 𝑠𝑠



Small Angle X-Ray Scattering

9 SASBDB: SASDAM5



What could possibly go wrong?

- absorbance

- fluorescence

- radiation damage

- inter particle effects

- residue buildup
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Radiation damage, 20 frames of Lysozyme



Contingency Plans

• Radiation Damage: multiple frames per data collection

• Systematic Errors: repeat buffers

• Interparticle Effects: multiple concentrations of samples
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Data Comparison

• compare empty capillaries to monitor residue buildup
• compare frames of a single collection to monitor radiation 

damage
• compare buffers to monitor stability
• compare concentrations to monitor inter particle effects

But also:
• does the model correspond to the experimental data?
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In other words: does it fit?
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Outline

• Pairwise Similarity Tests
• Standardized Residuals
• Reduced χ2 test
• CorMap test
• Anderson-Darling test

• Multiple Testing
• If errors are available

• Utility of correct error estimates
• How to validate error estimates of raw data
• Requirements of error propagation
• Implications to buffer subtraction
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Goodness of Fit: Standardized Residuals
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Standardized Residuals:
• Standard Normal Distribution
• Centered on zero
• Symmetric in the range

of [-3; +3]

Standardizes Residual Plot
• Visual assessment of 

randomness

See also: Trewhella et al. (2017): Publication Guidelines

𝑟̃𝑟 𝑠𝑠 =
𝐼𝐼1 𝑠𝑠 − 𝐼𝐼2 𝑠𝑠

𝑆𝑆𝑆𝑆 𝐼𝐼1 𝑠𝑠
2 + 𝑆𝑆𝑆𝑆 𝐼𝐼2 𝑠𝑠

2

Data Data or Model



Goodness of Fit: Residual Histogram
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Histogram of standardized
residuals:
• Visual assessment

of standard normal 
distribution

• Centered on zero
• Symmetric in the range

of [-3; +3]



Goodness of Fit: Normal-Probability Plot
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Normal Probability plot of 
standardized residuals:
• Visual assessment

of randomness and normal 
distribution

• Non-zero offset: scale error
• Non-unity slope: errors 

over/under estimated
• Not linear: systematic 

deviations



Statistical Tests
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CorMap Test Red. χ2 Test A-D Test
Purpose Randomness of 

residuals
Randomness of 
standardized 
residual

Standard normal 
distribution of 
residuals

Uses Sign of residuals Standardized 
residuals

Ordered 
standardized 
residuals

Properties Indicates location 
of non-fit

Requires accurate 
error estimates

Test value C χ2 A2

ATSAS: datcmp and primus/qt

C



Caveat of the reduced χ2 test
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n p=α/2 p=1-α/2
50 0.57 1.62
100 0.68 1.41
500 0.85 1.17
1000 0.89 1.12
2000 0.92 1.08
5000 0.95 1.05

Matlab: chi2inv
Python: scipy.stats.chi2.ppf

1%

overestimated
errors

underestimated
errors

α/2

𝜒𝜒n−12 =
1

n − 1
�
𝑘𝑘=1

𝑛𝑛
𝐼𝐼1 𝑠𝑠𝑘𝑘 − 𝐼𝐼2 𝑠𝑠𝑘𝑘

𝑆𝑆𝑆𝑆 𝐼𝐼1 𝑠𝑠𝑘𝑘
2

+ 𝑆𝑆𝑆𝑆 𝐼𝐼2 𝑠𝑠𝑘𝑘
2

2



Examples

N=276 CorMap Test Red. χ2 Test A-D Test
Test Value C = 13 χ2 = 1.105 A2 = 0.785
p-value P(>C) = 0.032 P(>χ2) = 0.120 P(>A2) = 0.492

20 (ab initio model fit)



Examples

N=1799 CorMap Test Red. χ2 Test A-D Test
Test Value C = 147 χ2 = 5.112 A2 = 307.8
p-value P(>C) = 0.000 P(>χ2) = 0.000 P(>A2) = 0.000

21 (rigid body model fit)



Examples

N=450 CorMap Test Red. χ2 Test A-D Test
Test Value C = 13 χ2 = 0.636 A2 = 5.963
p-value P(>C) = 0.052 P(>χ2) = 1.000 P(>A2) = 0.001

22 (ab initio model fit)



Examples

N=282 CorMap Test Red. χ2 Test A-D Test
Test Value C = 12 χ2 = 12.58 A2 = 303.75
p-value P(>C) = 0.064 P(>χ2) = 0.000 P(>A2) = 0.000

23 (ab initio model fit)



Outline

• Pairwise Similarity Tests
• Standardized Residuals
• Reduced χ2 test
• Cormap test
• Anderson-Darling test

• Multiple Testing
• If errors are available

• Utility of correct error estimates
• How to validate error estimates of raw data
• Requirements of error propagation
• Implications to buffer subtraction
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“[…] we completed an fMRI scanning session with a 
post-mortem Atlantic Salmon as the subject. The salmon 
was shown the same social perspective taking task that 
was later administered to a group of human subjects. 
Statistics that were uncorrected for multiple comparisons 
showed active voxel clusters in the salmon’s brain cavity 
and spinal column.”



Multiple Comparisons
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Let α = 0.01 and n = 190, then the probability for a
false positive is about 85%.

The probability of obtaining at least one false positive
in n (independent) tests:

Translation: with 20 frames per data collection, it is almost 
guaranteed that at least one frame gets rejected as different 

– but it may not be!



Adjusting for Multiple Testing
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1,390 water frames
965,355 pairwise comparisons

p
crit

n=1682 p x 965,355 # < crit
α/2 0.9140 4,827 4,992

1-α/2 1.0917 960,530 958,818

Single Test: α = 0.01

Pair-wise Tests: α = 0.01/965,355

p
crit

n=1682 p x 965,355 # < crit
α/2 0.8155 0.005 0

1-α/2 1.2109 965,354.995 965,355

(Bonferroni Correction)



Outline

• Pairwise Similarity Tests
• Standardized Residuals
• Reduced χ2 test
• Cormap test
• Anderson-Darling test

• Multiple Testing
• If errors are available

• Utility of correct error estimates
• How to validate error estimates of raw data
• Requirements of error propagation and implications to buffer 

subtraction
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Utility of correct error estimates

• Reduced χ2 test of similarity

• Comparability of χ2 values

• Weighted Least Squares

• Minimize χ2 during modeling

• Standardized residuals
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Validity of Reduced χ2 Test
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1.000 comparisons of 
simulated BSA without 
systematic differences

correct error estimates,
valid results

incorrect error estimates,
invalid results



Validating Error Propagation
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𝑆𝑆1 + 𝑆𝑆2
2 −

𝐵𝐵1 + 𝐵𝐵2
2

𝑆𝑆1 − 𝐵𝐵1 + 𝑆𝑆2 − 𝐵𝐵2
2

𝑆𝑆1 −
𝐵𝐵1 + 𝐵𝐵2

2 + 𝑆𝑆2 −
𝐵𝐵1 + 𝐵𝐵2

2
2

Intensities: associative (ab)c == a(bc) and commutative (ab == ba)



Error Propagation: Order Matters!
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Avoid Correlations by not re-using anything twice!

𝑆𝑆𝑆𝑆 𝐼𝐼𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠 = 𝑆𝑆𝑆𝑆 𝐼𝐼1 𝑠𝑠
2 + 𝑆𝑆𝑆𝑆 𝐼𝐼2 𝑠𝑠

2 − 2 ⋅ 𝐶𝐶𝐶𝐶𝐶𝐶 𝐼𝐼1 𝑠𝑠 , 𝐼𝐼2 𝑠𝑠

Error propagation is NOT associative



Verifying Error Estimates of Raw Data
• Take >= 6 consecutive frames, 

e.g. of water
• Compare pairwise with cormap to 

verify similarity
• Compare with χ2 frames 1-2, 3-4, 

5-6, …
• If all are in [0.9 – 1.1], ok
• If there is one outside range, 

repeat procedure once
• If there are two or more outside 

range (counting repeat), error 
estimates are incorrect

33

m 1 not in 
range

2 not in 
range

3 not in 
range

500 11.3% 1.2% 0.1%

1000 2.5% 0.1% <0.1%

2000 0.2% <0.1% <0.1%

5000 <0.1% <0.1% <0.1%



Error Propagation

• General purpose tools assume independent data
• If your data are not independent, it is still possible, but 

much harder (custom solution necessary)!

• Implications:
• May need as many buffer frames as there are sample frames
• data collection on lab sources: who wants to measure blanks for 

the same amount of time as samples?
• SEC-SAXS: buffer regions are often hard to define and there may 

not be sufficient buffer frames for all peaks
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ATSAS

• datcmp --test=cormap [...]

• datcmp --test=chi-square [...]

• datop add|sub|mul|div [...] --output [...]

• dataver [...] --output [...]

• datmerge [...] --output [...]

• primus/qt

35



Manual processing: Comparing Frames

36



Questions?

37


	Statistics in the experimental practice of SAXS
	Requirements for Data Collection
	Small Angle X-Ray Scattering Pattern
	Small Angle X-Ray Scattering Pattern
	Small Angle X-Ray Scattering Pattern
	Basics of Counting Statistics
	Radial Averaging
	Propagation of Estimated Errors
	Small Angle X-Ray Scattering
	What could possibly go wrong?
	Contingency Plans
	Data Comparison
	In other words: does it fit?
	Outline
	Goodness of Fit: Standardized Residuals
	Goodness of Fit: Residual Histogram
	Goodness of Fit: Normal-Probability Plot
	Statistical Tests
	Caveat of the reduced c2 test
	Examples
	Examples
	Examples
	Examples
	Outline
	Slide Number 25
	Multiple Comparisons
	Adjusting for Multiple Testing
	Outline
	Utility of correct error estimates
	Validity of Reduced c2 Test
	Validating Error Propagation
	Error Propagation: Order Matters!
	Verifying Error Estimates of Raw Data
	Error Propagation
	ATSAS
	Manual processing: Comparing Frames
	Slide Number 37


<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Error

  /CompatibilityLevel 1.4

  /CompressObjects /Tags

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.0000

  /ColorConversionStrategy /CMYK

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness true

  /PreserveHalftoneInfo false

  /PreserveOPIComments true

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Apply

  /UCRandBGInfo /Preserve

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages true

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages true

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages true

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages true

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages true

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages true

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile ()

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<



    /BGR <>

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /CZE <>

    /DAN <>

    /DEU <>

    /ESP <>

    /ETI <>

    /FRA <>

    /GRE <>



    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)

    /HUN <>

    /ITA <>

    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /LTH <>

    /LVI <>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /POL <>

    /PTB <>

    /RUM <>

    /RUS <>

    /SKY <>

    /SLV <>

    /SUO <>

    /SVE <>

    /TUR <>

    /UKR <>

    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /ConvertColors /ConvertToCMYK

      /DestinationProfileName ()

      /DestinationProfileSelector /DocumentCMYK

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure false

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles false

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /DocumentCMYK

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /UseDocumentProfile

      /UseDocumentBleed false

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [612.000 792.000]

>> setpagedevice



